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HOMOLOGICAL PROPERTIES OF GRAPH MANIFOLDS 
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draft version, 2001 

Abstract. We consider the following properties of compact oriented irreducible graph- 
manifolds: to contain a 7ri-injective surface (immersed, virtually embedded or embedded), 
be (virtually) fibered over S 1 , and to carry a metric of nonpositive sectional curvature. It 
turns out that all these properties can be described from a unified point of view. 


§0 INTRODUCTION 

We consider the class 07T of graph-manifolds (cf. [BK1]). We say that a 3-manifold M 
belongs to 07T if M is a compact closed orientable Haken 3-manifold and its canonical 
decomposition surface (JSJ-surface) T splits M into Seifert pieces with orientable base 
orbifolds of negative Euler characteristic. These Seifert pieces are called maximal blocks. 

We say that a manifold M G DJI contains an immersed (resp. embedded) surface 
S if there is an immersion (resp. embedding) g: S —> M. Such a surface is called 
7Ti -injective, if the induced homomorphism of fundamental groups g* : 7Ti(5') — > tci(M) 
is injective. Such a surface is called horizontal if g: S —> M is transversal to the Seifert 
fibers in each maximal block of M. (Horizontality implies 7Ti-injectivity [RW]). 

We say that an immersed 7ri-injective surface g: S —> M G 071 is virtually embedded 
if there exists a finite covering p : M —> M and a 7ri-injective embedding g: S —> M 
such that g — p o g. Finally we say that a manifold M G 0J1 is virtually fibered over S' 1 
if M has a finite cover which is fibered over the circle. Note, that the fiber of such a 
bundle has a negative Euler characteristic. 

Consider the following properties of M G 071: 

(Im) M contains an immersed 7Ti-injective surface S with y( S ) < 0; 

(HI) M contains an immersed 7Ti-injective horizontal surface S with y( S') < 0; 

(F) M is fibered over S 1 ; 

(E) M contains an embedded 7Ti-injective surface S with y(5 < ) < 0; 

(VF) M is virtually fibered over S' 1 ; 

(VE) M contains a virtually embedded 7Ti-injective surface S with x(S) < 0; 

(NPC) M carries a metric of nonpositive sectional curvature (NPC-metric), 
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where x(<S) is the Euler characteristic of S. 

These properties were intensively studied in the last decade by different authors. 
In the paper [LW], a simple obstruction for (virtual) fibration of graph manifolds was 
described. The question about existence of NPC-metrics on graph manifolds was treated 
in the paper [L], In the papers [BK1,2], an explicit criterion which permits to solve 
whether or not a given graph manifold of the class DJI carries a NPC-metric was obtained. 
In the papers [Nl,2], explicit criteria which permit to solve whether or not a given graph 
manifold satisfies one of these properties F, VE, and Im were proved; an implicit 
criterion for the property VF was obtained in [Nl] as well. In the papers [RW,M], the 
question whether or not a given 7Ti-injective immersion of a surface in a graph manifold 
is a virtual embedment was analyzed. If a graph manifold M of the class DJI carries a 
NPC-metric then it is virtually fibered over the circle, as it was proved in the author 
work [S]. So, we can present relationships between these properties by the following 
diagram: 


E = 

=*► VE = 

Im 

t 

t 

t 

F = 

=> VF — 

=* HI 


t 



NPC 



(the implication Im-^HI follows from [N2]). 

As it follows from S. Buyalo and V. Kobel’skii paper [BK1], a graph manifold M G 971 
admits a NPC-metric iff a difference equation over a finite graph is solvable. From 
the other side, the same equation was independently obtained by W. Neumann in the 
paper [N2], where 7Ti-injective surfaces in graph manifolds were investigated. It turns 
out that the equation describes all the features of graph manifolds we have considered 
above (theorem II below). The equation generalizes the Laplace equation on graphs 
(it contains long “covariant” differences, which depends on topological invariants of M) 
[B], We give the equation in 1.4 and call it the Buyalo-Kobel’skii-Neumann equation 
(BKN-equation). 

To learn the properties Im-NPC we also propose an equivalent approach which 
is based on their homological nature (theorem I below). This approach calls on no 
topological invariants of manifolds except their JSJ-splitting so it is more common than 
BKN-equation. However, BKN-equation is more suitable for computations. 

§1. Main definitions and results 

1.1 Notations. Let M be a graph-manifold of the class DJI and T be its JSJ-surface. 
The surface splits M into a finite set of Seifert fibered pieces: M\T — {M v \ v G V}. So 
M can be obtained by pasting together Seifert bundles M v . v G V along their boundary 
tori. Define the index set W by {T w \w G W} = {dM v \v G V} and by definition put 
dv = {w e W | T w C dM v }, so that we have dM v = {T w \ w G dv}. Denote by —re the 
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element of W such that the tori T w and T - w are glued together in M providing JSJ- 
torus T h . These collections V and W form a graph T m(V, IT), which is conjugated to 
the JSJ-splitting of M. Namely, V is the vertices set and W is the edges one. A vertex 
v G V is the initial vertex for an edge w iff w G dv. 

From now on we fix an orientation of M and also we fix some orientations of the 
Seifert fibers in the maximal blocks. Let f v G H\ (M v ) be the class of the Seifert fiber 
in M v and let f w G Hi(T\ w \), w G dv be the homological class which is defined by 
(i'w)*fw = fv, where (i w )* : H\(T\ W \) —> H\{M V ) is the map induced by inclusion. 

Let / G H 1 (M V ) be a cohomological class in a block M v . If T w is a boundary torus 
of M v and T_ w C dM v > then we define 

(l,f v ’)\ w \=L*J(f- w ). 

The aim of this paper is to present all properties we have introduced as modifications 
of the following one: 

1.2 Definition. Let M be a graph-manifold of the class 931 and T m(V, IT) be its graph. 
We say that a nontrivial set {l v G H 1 (M v )\v G F) of (rational) cohomological classes 
satisfies the compatibility property (or is a CP-system on M), if 

CPI | (l v i, f v )\w\ \ C l v (fv) f° r each triple v,w,v' such that w G dv and —w G dv'] 
CP2 if \(l v ', fv)\w\\ =Wv ) and \(l v , f v >)\ w \\ =l v '(fv') then t*_ w l v ' = 

CP3 if l v {f v ) — 0 then l v = 0. 

Not all graph manifolds have CP-systems. 

Theorem I. A graph manifold M of the class 9It satisfies the property Im (resp. HI, 
F, E, VF, VE, NPCj if and only if there exists a CP-system on M (resp. there exists 
a CP-system { l v \ v G V} on M such that 

(HI) l v (f v ) > 0; 

(F) (l v i, f v ) e — e v >e v l v (f v ) 0, where e : V —> {±1} - is a function; 

(E) \(l v ’,fv)e\=lv(fv); 

(VF) l v (f v ) > 0 and (l v ',f v ) e -l v fif v >) = (l v ,f v >) e ■ l v (f v )/ 

(VE) {l v , t f v ) e ■ l v ,(f v ,) = (l v , f v ,) e • l v (f v ); 

(NPC) \{l v >,fv)e\<lv(fv) and (l v ',f v )e-l V '(f V ') - {lv, fv)e • Wv), 
for each triple v,w,v' (e = |re|) as in CPI). 

This theorem follows from theorems 2.1, 2.2, 3.1, 3.2, 4.2, 4.3, 5.1. □ 

Remark. S. Buyalo gave similar conditions for Im, HI, E, and NPC (unpublished). 
He analyzed collections of homological classes on JSJ-tori and used the Waldhausen 
basises which were the basic construction in [BK1,2], 

1.3 Invariants of graph manifolds. Let M be a manifold of the class 93T. The 
choosing orientation of M induces orientations on maximal blocks {M v \v G V} and 
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hence on each torus T w , w G W. So, we have an “area” isomorphism is M : A 2 Hi(T\ w \) —■> 
Q. By definition, put aA w b = is w (aAb). Note that aA- w b = —aA w b inasmuch choosing 
orientations on T w and T_ w are opposite. 

Now we define the intersection index b w G Z \ {0}, w G W by 


It is clear that b w — b- w . 

Consider a maximal block M v in M G 931. An element z v G Hi(dM v ) is called 
adjoint element for the Seifert fibration of M v , if f w A w p w (z v ) = 1 for each w G dv, 
where p w : Hi(dM v ) —> Hi(T\ w \) is the canonical projection ( dM v = U,„ e( g t) T\ w \). For 
each adjoint element z v G H 1 (dM v ) we have i*(z v ) — —eM v (z v ) • f v , where cm v (z v ) 
is a rational number [N2], The ratio eM v {z v ) is called the Euler number of the Seifert 
fibration of M v with respect to the linear foliation of dM v induced by z v G Hi(dM v ). 
This number was introduced in [NR], 

1.3.1 Lemma [N2]. Let M v be a maximal Seifert block in a graph manifold M and 
let p: S —» M v be a proper t\\ -injective immersion of an oriented surface with negative 
Euler characteristic. Consider the (oriented) boundary of S and let {C w i, i — 1, • • • , k w } 
be its components on T w . Then for each adjoint element z v G H l (dM v ) we have 

h 

(!) E fw A w [C wi ] = a ^ 0 for eachT w C dM v . 

i=l 

(2) ^ ^ Pw(zy') A w [C^j] aeM v (z v ). 

w,i 

Conversely, suppose that for each boundary component T w , w G dv a family C w i,..., C w k w 
of immersed curves transverse to the Seifert fibres of M v is given satisfying homology 
relations (1), (2). Then there exist integers do > 0, no > 0 so that for any positive in¬ 
teger multiple d of do and n of no the family of curves d(C W i) n , w G dv, i = 1,..., k w , 
obtained as follows, bounds a connected immersed horizontal surface. We take d(C W i) n 
as d copies of the immersed curve obtained by going n times around the curve C W i. 

Lemma 1.3.2. Let M v be a maximal Seifert block in a graph manifold M and for each 
w G dv a disjoint family of simple oriented curves {C W i, i — 1, • • • , k w } C T\ w \ is given. 
If the conditions (1) and (2) are satisfied then the set of curves bounds an embedded 
horizontal surface in M v . If the number a in (1) and (2) is zero then there is a set of 
incompressible, boundary incompressible disjoint embedded vertical annuli in M v whose 
boundary is homotopic to the family of curves. 

Proof. Consider the classes c w = Y^iZilCwi] £ H\ (T\ w \). For each adjoint element 
z v G H\{dM v ) we can write c w — ap w (z v ) — ( p w (z v ) A w c w )f w . Let c G Hi(dM v ) be the 
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class such that p w (c) — c w . Then for any / G H 1 (M V ) we have /(t*c) = 0: 

wEdv wEdv 

O' ^ ^ ^ ^ i.Pwi.Zv) w ^w)^ w l^fw) H ^ ^ l (^{^w 

wEdv wEdv wEdv 


l[fv) ^ ijPw^v) t\w C-w) d&M v (Zv')l(fv') T d&Al v (Zv')l(fv') O' 

wEdv 


It means that t*c = 0, so there exists an integer class s G // 2 (A/,,: dM v ) such that s i—> c 
under the canonical homomorphism H 2 (M V ; dM v ) —> Hi(dM v ). The class s can be 
realized as an embedded surface S C M w . 

If a = 0 then all curves are homotopic to the Seifert fibers (by (1)) and there are 
even number of curves (by (2)). It is obvious that there are required annuli. □ 

Now we define the charge k v of a maximal block M v in a graph manifold M G 911 
by k v = — eM„(</h), where <f> v is the element of Hi(dM v ) such that p w (4> v ) — f~ w /b w , 
w G dv. 

The charge k v of a block M v C M is independent of the orientations of the Seifert 
fibers in blocks of M. It depends only on orientation of M. See, also [BK1], 

The graph Y m{V- IT) providing with the numbers { b w , k v \ w G IT, v G V} is called 
the labelled graph of M and is denoted by Xm (here and further we omit “arguments” 
of X M ). 


1.4 The BKN-equation. 

graph. The equation 


Let M G be a graph manifold and let Xm be its labelled 


E 

wE dv 


Tui®ra(v) 

bw 


k v ■ a 


V: 


(the symbol w(v) denotes the terminal vertex for w) with { a, 7 | v G V, w G IT} as 
unknown rational numbers is called the BKN-equation over Xm- The BKN-equation is 
said to be solvable if there exists a nontrivial (a ^ 0 ) rational solution (a, 7 } such that 
a v > 0 , [ 7 ™| < 1 and 7 ^ 7 -^ ^ - 1 . 

The following lemma describes the correspondence between CP-systems and solutions 
of the BKN-equation. 


1.5 Lemma. Let M be a graph manifold of the class SOL The BKN-equation over Xm 
is solvable if and only if there exists a CP-system { l v \ v G V} on M. 

Proof. Let (a, 7 } be a solution of the BKN-equation , and let 


To = {w £ W \ \{ w £ dv then a v a w ( v ^ — 0}. 
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Now we define a new solution {a, 7 '} of the BKN-equation by 

/ f lw w ^ Wo 
' w \ 0 w G W 0 

Consider an element \ w G H X (T j w |) such that 

^w(fw') &V1 fui (/—U)) 'Yw®'w(v)l 

and the element L,, G H 1 (dM v ) such that p w (l v ) =l w for each ic G <9u. Using lemma 
1.3.1 it is not difficult to verify that the element 1,. lies in the image of II 1 (M v ) under 
the canonical map 1 * which is induced by inclusion l : dM v —> M v . Now we get the 
required l v as an (arbitrary) element of (i*) _ 1 l v . If l v = 0 we choose l v — 0. 

Conversely, let { l v \ v G V} be a CP-system on M. To find a solution of the BKN- 
equation we can use the above two formulas: 


dv ,f v 


civ — and 7 w — 


if aw(v) 7 ^ 0 , 


*w(v) 

0 otherwise. 


So we get 

E 7w®«)(w) 

b 

O u w 
w£ ov 


E 

dv 


vv 5 fw(v)) \i 




dv 




I, (E 

\wEdv w / 


hvO/y f-1 


It is easy to translate theorem I from CP-language to BKN-language. 

Theorem II. A manifold M G DJI satisfies the property Im ( resp. HI, F, E, VF, 
VE, NPCj if and only if the BKN-equation over T m{V, W) has a solution (resp. has 
a solution {a, 7 } such that 

(HI) a v > 0, and if | 7 W | = 1 then 7 _ w = 7 ^; 

(F) a v > 0 and 7 W = 7 _ w = e v >e v for a function e : V —> {±1}; 

(E) either 1) — 7 _ w = ±1 or 2) a v — 0 and = 7 _ w = 0 for any w G dv; 

(VF) a v > 0 and 7 ^ = 7 _ w ; 

(VE) 7w = 7-w/ 

(NPC) a v > 0 and 7 W = 7 _ w G (-1; 1), 
for each v G V, w G W). 

This theorem follows from theorem I and lemma 1.5. □ 
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Remark. Items Im and HI of theorem II was proved by W. Neumann in [N2]. The 
item NPC was proved by S. Buyalo and V. Kobel’skii in [BK1], 


1.6 Matrices and reduced criteria. Consider the following square matrices A e M — 

( a e vv ,), A+ = (a+ v ,), and H M = ( h vv ') over the graph Y M : 


a 


e 

vv' 


E tu 

b u 

W[V )=V 


- E 

w(v)=v' 



if v = v' 
if v ^ v’ 



I k v 


E 

w(v)=v 



y»i’ 

w(v)=v 


if v — v 1 


if v v' 


5 


fa'll - \ 


s(v)K- E ©, 

w(v)=v 

w(v)=v 

0, 


if v = v' 

if v ^ r/and k v ■ k v > > 0 . 
otherwise 


Here e: W —> {±1} is a function. The matrix —A e M for e = 1 is the “reduced plumbing 
matrix” from [Nl], The second matrix is equal to — A- from [N2]. The function 
s : V —> {0, ±1} is constructed as follows. Vertices v,v' E V of the graph T m are called 
equivalent v ~ v’ if there exists a path r 0 — v, Vi, V 2 , v n — v' in the graph T m 
such that k Vi ■ k Vi+1 > 0, for each i = 0,..., n — 1. An edge w E W and a vertex v E V 
are called equivalent v ~ w if k v ^ 0 and v is equivalent to both the ends of w. Edges 
w,w' E W are called equivalent if either w' — —w or there exists a vertex v E V such 
that w ~ v ~ w'. Now we define the graph of signed components G(U, Eq) of the triple 
{T m{V- IE), B, K } as the factor graph Ym / This graph G(U, Eq) was firstly defined 
in [BK2]. 

If the graph G(U,Eq) is not bipartite one then we put s(v) = 0 for each vertex 
v E V. Let G(U , E 0 ) be a bipartite graph and U = P U N be a splitting to parts such 
that P fl { v E V | k v > 0} ^ 0. In this case we put s(v) — 1 if v E P and s(v) — —1 if 
v E N. 

If the graph G(U, Eq) is bipartite then the matrix IIm coincides with a matrix from 
[BK2], If a graph manifold M has no block with zero charge then G(U ; Eq) is bipartite 
and s(v) = sgn k v . if in addition the graph Ym has no loops then Hm can be represented 
as the matrix — (P_ © N) from the paper [Nl]. 

A matrix A is called semipositive defined (resp. supersingular) if x l Ax > 0 (resp. 
Ax = 0 ) for each tuple x (resp. for some tuple x with uo zero entry). A square matrix 
A ' is called a principal submatrix of a square matrix A if it can be obtained from A by 
deleting some rows and the corresponding columns. 


Theorem III. A manifold M E Aft satisfies the property Im, HI, F, E, VF, VE, and 
NPC if and only if the following conditions (respectively) hold 

(Im, HI) either 1) diagonal elements of Am has the same sign and the matrix Aj^ is 
semipositive defined and singular or 2) the matrix A^ has a negative eigenvalue; 
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(F) the matrix Am is supersingular; 

(E) there exists e: W —> {±1} such that the matrix A e M has a supersingular principal 
submatrix; 

(VF) either 1) the matrix Hm is semipositive defined and supersingular or 2) the 
matrix Hm has a negative eigenvalue; 

(VE) the matrix Hm has a principal submatrix which satisfies the requirement of the 
previous item 

(NPC) either 1) Hm = 0 or 2) the matrix Hm has a negative eigenvalue. 

The item F of this theorem was proved in [Nl], the items Im and VE were proved 
in [Nl,2] for manifolds whose graphs has no loops, the item NPC was proved in [BK2], 
and the item VF was proved by the author in [S]. We give no proof of the remain item 
E in this draft version. □ 

1.7 Conventions. Let g : S —> M be a 7 Ti-injective immersion. Rubinstein and Wang 
[RW] proved that each surface S with negative Euler characteristic in a graph-manifold 
M is 7 Ti-injective if and only if it can be properly homotoped so that any connected 
component of S fl M v is either vertical or horizontal for each maximal block M v . Further 
we assume that all immersed surfaces already put in this position. 

Let g : S — > M be a 7 Ti-injective not horizontal immersion and let g' : S' —> M be 
the immersion such that g'{S' ) is the boundary of a collar for g(S) in M. If g : S M 
is a 7Ti— injective immersion (embedding) then g' : S' —> M has the same property. If 
g : S —> M is a 7 ir —injective virtual embedding then g' : S' —> M has the same property. 
Converse is also true [RW]. 

Further we assume that each vertical annulus of g(S) \ T has a parallel copy. 

2. Immersed and horizontal immersed surfaces in graph manifolds 

2.1. The implication iy^iii of the following theorem was proved by W. Neumann in 
[N2]. 

Theorem (cf. [N3]). Let M be a manifold of the class 931. The following three 
properties are equivalent. 

i M contains an immersed ni-injective surface of negative Euler characteristic. 

ii there exists a CP-system on M 

iii BKN-equation over T m is solvable. 

Proof. Let g : S —> M be a 7 Ti-injective immersion, and let C = ,g _1 (T) C S. The set 
S \ C is a disjoint union U Qe AS l a of connected components. Now we orient the surfaces 
S a , a E A in the following way. Choosing orientation of M and orientations of the 
Seifert fibers in maximal blocks induce an orientation on each surface S a which is not 
annulus. By conventions 1.7, vertical part of g(S) fl M v is a set of parallel pairs of 
annuli. We orient the annuli so that parallel annuli have opposite orientations. 
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Let T\ w \ C dM v C\dM v f be a JSJ-torus and C be a connected component of < 7 _1 (Tj w |). 
The curve C is oriented as a boundary component of g~ 1 (M v ) and at the same time it 
is oriented as a boundary component of g~ 1 (M v >). The curve is said to be consistent 
(resp. nonconsistent ) if these two orientations coincide (resp. opposite). The sum of 
homological classes of consistent (resp. nonconsistent) curves on T\ w \ which are oriented 
as boundary components of g(S) fl M v we denote by c+ (resp. c~), where w £ dv. 

By Poincare duality dM v ) ~ H l (M v ) we get a class l v £ H X {M V ) which is 

dual for \g(S) fl M v \ £ H 2 (M V ; dM v ). It is clear that 

i* w l v {x) = x A w (c+ + c~), i*_ w l v '{x) = x A w (c+ - c~) 

for each x £ H\(T\ W \), where w £ dv, —w £ dv'. Due to orientations on components of 
g(s ) n M v we have a+ = f w A w c+ > 0 and a~ = f w A w c~ > 0. 

Since 

lv(fv) = a w a wi i^v '1 fv)\w\ = a w a w 

we have | {l v >, fv)\ w \ I < U{fv) (CPI). 

If either = 0 or a~ =0 then (by convention 1.7) we conclude that no one of 
curves g(S) fl T\ w \ is parallel to Seifert fiber of M v as well as of M v >. Therefore either 
= aZ w — 0 or o+ = a_ w — 0. So we have (l v , -)| w | = ±(l v >, and it is equal to 
CP2. 

Finally, if l v (f v ) — 0 then g(S) fl M v is a set of pairs of oppositely oriented parallel 
annuli. So we have l v = 0 (CP3). 

ii-v^iii It is the assertion of lemma 1.5. 

ii=>i Multipluing all {lv}vev by suitable integer, we can assume that l v is an integer 
class for each v £ V. 

Let c+ £ H\{T \ W |) (resp. c~ £ Hi(T\ w \)) be the homological class which is dual 
by Poincare for i* w l v + e H l (T \ w |) (resp. for i* w l v - t*_ w l v < £ H l (T\ w \)), where 

w £ dv, —w £ dv'. It is obvious that c_ w = ±c+. Choose a pair of nonoriented curves 
C+ w] and C- t | on each JSJ-torus T\ w \ in M so that these curves represent (with some 
orientation) the classes c+ and c~ respectively. If one of the classes (or both) is zero 
then we do not consider the corresponding curve. 

It is easy to see that 

(!') fw A w (c+ + c~) = 2 l v ((i w )*f w ) = 2 l v (f v ), 


( 2 ') 


^ ^ Pw(Zv') t\w T c w ) 2 l v 

w£dv 





for each adjoint element z v £ H\(dM v ), v £ V. If p w (z v ) = f- w /b w for each w £ dv 
then the right side of (2 ; ) is k v l v (f v ). The equalities (1') and (2') coincide with the 
corresponded equalities from lemma 1.3.1 if l v (f v ) > 0. 
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As above, by cl(C) n we denote d copies of a curve obtained by going n times around 
the curve c. Using lemma 1.3.1 we can find integers d v . n v such that for any integer pair 
d, n with d v dividing d and n v dividing n the curves d(C j^|) n , w E dv span a surface 
(horizontal if l v (f v ) 7 ^ 0) in M v . Taking appropriate integers D and N we obtain a 
surface by fitting together the parts S v spanning on D(C^) N , w E dv for each v E V 
such that l v (f v ) > 0. If l v (fv) > 0 for each v E V we obtain the desired surface. 

Consider a block M v C M such that l v — 0. For each T w C 0M V we either have two 
set of parallel curves D(C^) N and D(C^) N on T\ w \ or have no curves. In the first- 
case the curves are parallel to the linear foliation of T w which is induced from M v . So 
we can find D parallel immersed vertical annuli in M v which are not boundary parallel 
and their boundary is D(C^) N U D(C^) n . The horizontal parts S v (in blocks M v 
with l v (f v ) 7 ^ 0 ) as above and the annuli fit together providing the desired surface. □ 

2.2 The HI property. In this section we prove 

Theorem (cf. [N2]). Let M be a manifold of the class DJI. The following three 
properties are equivalent. 

i M contains a horizontal immersed surface of negative Euler characteristic. 

ii There is a CP-system { l v \ v G V} on M such that l v (f v ) > 0 for each v E V. 

iii BKN-equation over Tm has a nontrivial solution { 0 , 7 } such that a v > 0 for 
each v E V. 

Proof. The equivalence iiyUii follows from lemma 1.5. 

[i ii] Using previous theorem it sufficient to prove the condition l v (f v ) > 0. It is 
true, due to horizontality. 

[ii i] The surface fitting as in the last part of the previous proof is horizontal in 
each block M v inasmuch l v (/',,) > 0 for each v E V and the surface is connected in each 
maximal block. □ 


3. Fibering and embedded surfaces 

The map p : M —> S ' 1 is homotopic to a fibration iff p*(f v ) 7 ^ 0 for each v EV [NR], 
So, if p is a fibration then any fiber p~ 1 (pt) (surface) is transversal to Seifert fibers 
(circles) in each block so such a surface is horizontal. 

3.1 Theorem (cf. [Nl]). Let M be a manifold of the class DJI and Tm(V, W) be its 
graph. The following conditions are equivalent. 

i M is fibered over S 1 with oriented surface of negative Euler characteristic as a 
fiber. 

ii There exists a CP-system {l v } v ev on M such that l v (f v ) > 0 for each v E 
V and in addition for each triple v,w,v' as in CPI (definition 1.2) we have 
{lv r , fv)\ w \ — Cv'C Jv(fv), where e : V —> {±1} is a function. 
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iii There exists a solution {a, 7} of BKN-equation such that a v > 0 for each v G V 
and = 7 - w = e v 'e v for each triple v,w,v' as in CPI (definition 1.2), where 
e : V — > {±1} is a function. 

Proof. The equivalence ih=Aii follows from lemma 1.5. 

i=Mi Let p: M —> S 1 be a fibering map and p~ 1 (pt ) is a fiber S, x(S) < 0. For each 
v G V by p v : M v —> S 1 we denote the restriction of p to the maximal block M v . 

Put by definition e v = sgn (a,p*f v ) where a is a generator of .Hi (S' 1 ; Z). The desired 
classes l v G H 1 (M V ), v G V we define as follows 

ly Cy * P v OL, 

It is clear that l v (f v ) = |(a , p*f v ) \ > 0 and is equal to the geometric intersection number 
between S fl M v and a Seifert fiber in M v which are transversal each other. To conclude 
the proof of i =>■ ii it remains to note that 


{Ivi fv')\w\ €v{p v &i fv') |u>| €v {^wPv^J f—w) €v {®iP*fv') £y£v 'ly'(fy'). 

[ii =>■ i] Due to e v l v (f v ) ^ 0 we can find a fibering map p v : M v —> S ' 1 using the 
canonical isomorphism H 1 (M V ) ~ [M v . S' 1 ] so that Py(a) — e v l v [Nl]. Since o(ye v l v = 
L*_ w € v >l v ' for each triple v, w, v' we can choose fibering maps p v and p v > so that Pv\t m = 
Pv'\t\ w \ for each T\ w \ C M v fl M v >. By [NR] there is a fibering map p: M —> S ' 1 such 
that p\ Mv — p v . □ 

3.2 Theorem (cf. [Nl]). Let M be a manifold of the class 9JI and Tm(V,W) be its 
graph. The following conditions are equivalent. 

i M contains an embedded surface of negative Euler characteristic. 

ii There exists a CP-system {l v } v ev ° n M such that for each triple v,w,v r as in 
CPI (definition 1.2) we have f v )\ w \\ = lv(fv)- 

iii There exists a solution { 0 , 7 } of the BKN-equation over Vm{V,W) such that 
either 7 W = 7 _ w = ±1 or a v — 0 and 7 ^ = 7 - w = 0 for each w G dv. 

Proof. The equivalence ii<PMii follows from lemma 1.5. 

[i=rdi] Let g: S — > M be a 7 Ti-injective embedding. Consider the boundary S' of 
N(g(S)), where N denotes a normal neighborhood. We orient the connected components 
of S' \ T as in the proof of theorem 2.1. Let l v G H 1 (M V ) be the class, which is dual 
for [S' fl M v ] G H 2 (M v , dM v ). Since the surface S' has negative Euler characteristic, we 
have l v *{fy*) ^ 0 at least for one block M v * C M. Consider a JSJ-torus T\ w \ separating 
blocks M v and M v > . Since g is an embedding, each intersection S'C\M V either vertical or 
horizontal. If T\ w \ does not intersect the embedded surface then i^ly — ±l*_ w I v ' — 0 and 
we have nothing to do. Assume that l v (f v ) > 0 then either l v '{f v ') > 0 or l v '{f v ') = 0. In 
the first case we have i^ly = ±l*_ w I v ' indeed M v and M v > contain only horizontal parts of 
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the embedded surface so we get (l v >, f v ) | w | = ±l v (f v ). In the second case pairs of opposite 
oriented annuli are occurred in M v > and corresponded pairs of parallel horizontal surfaces 
are occurred in M v . It gives (l v ',fv)\w\ = (lv,fv')\w\ — 0 therefore i*_ w l v > — 0 for each 
-w G dv'. In any case we have \(l v >,f v )e\ = lv(fv) and \(l v ,fv')e\ = Iv'(fv')- So 
{ l v | v G V} is the desired CP-system . 

[ii=rd] Let {l v \v G V} be a CP-system which is satisfied ii and T\ w \ be a JSJ-torus 
in M such that w G dv, and — re G dv'. As in the theorem’s 2.1 proof we can consider 
the pair of homological classes c+ and c~. There are three cases: 

(1) both l v and l v > are not zero, 

(2) either l v — 0 or l v i = 0 but not both, 

(3) both l v and l v > are zero. 

In the first case ii and CP2 imply and there is only one non-zero homo- 

logical class (either c+ or c~). In the second case either t*_ w l v >(f w ) = 0 or i^l v (f_ w ) = 0 
respectively and we have two parallel curves which are parallel to the linear foliation on 
T\ w \ which is induced either from M v or from M v > . In the third case there are no curves 
on Tju,|- 

By lemma 1.3.2 there exists an embedded 7Ti-injective surface S C M such that the 
curves in S fl T realize the classes c+, c~ for all w G W. □ 

4. Virtual fibering and virtually embedded surfaces 

Let M be a graph manifold of the class 5DT. A covering p : M —> M is called s-cha- 
racteristic (or characteristic), if its restriction on each JSJ-torus T C M is organized 
as follows: there exists a basis (a, b ) of the group 7 Ti(T) and a basis (a, b ) of the group 
7Ti (p(T)) such that- {p\r)*d = sa and — sb for a positive integer s [LW]. Let 

q:T~(V,W)^ PA/ ( V- IP) - be the map between the graphs which is induced by p, 
and let d u s 2 be the degree of the restriction p\m u '■ M u —> M q ( u p u G V. Note, that the 
number s 2 J2 q ( u )= v independent, of v G V and is equal to the degree of p. In the 
following lemma we collect some useful results from [LW]. 

4.1 Lemma (Luecke and Wu). Letp : M M be a finite covering of graph manifold 
M. 

(1) There exists a covering p : M —> M such that p — p o p is a characteristic 
covering [LW, prop.4.4], In this case 

(2) the charges of vertices and the intersection indexes for edges of Tq Tm are 

connect by the following relations: k u = k f -p u yl u , bi = b^, where u G V, l G W 
and q :Tq —> Tm is the map induced by p [LW, prop.2.3]. 

4.2 Proposition. Let M be a graph manifold of the class DJt and let T m(P IP) be 
its graph. If M contains a virtually embedded ii\ -injective surface of negative Euler 
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characteristic then BKN-equation has a solution {a, 7 } such that 7 ^ = 7 - w for each 
w G W. Moreover, if the surface is horizontal then a v > 0 for each v G V. 

Proof. Let M satisfies VE. By item 1 of the previous lemma we have an s-characteristic 
covering p : M —» M and a 717— injective embedding g : S —> M. By theorem 3.2 there 
exists a solution {x, //} of the BKN-equation over T q such that /// = /i_; G {0, ±1} for 

each l eW: 

hu%u ^ ^ *U+: 

lEdu l 

where l + is the terminal edge for l. Using the item 2 of lemma 4.1 we have 
() kq^ygduXu 'y ^ ^ y ^ ih%i+ ■ 

wEdq(u) W lEdullq " 1 (w) 

Let M, w , iv G W be a rectangular matrix given by 

( M v>)uu' = 111 

{lEq - 1 (w )| u'=l(u )} 

The columns of M w are corresponded to vertices of g _ 1 (rc + ) as well as its rows are 
corresponded to vertices of q~ 1 (w~). Since /q = g-i we have M_ w = where t is 
the transposition. Let X v , v G V be a tuple consisting of entries x u , u G Q~ 1 (u) and 
let D v be a diagonal matrix diag {d u , u G g“ 1 (u)}. In these notations the equality (*) 
can be rewrited as a vector one: 


k v D v X v = ^ ^-M W X V 


Put ty = +\/XlDyXy and 


Xin - 


I' m ~ * L/;+ 


if t w - ■ t w + ^ 0 


and X w = 0, if t w - ■ t w + — 0. Multiplying both sides of (**) by X t w _ from the left, we 
get 

, ,2 ^w , , 

Hyty / y — Cyt w +. 

_ a 

w£ov 

Since X w = 0 for each ie G dv if t v = 0, we have 


u f - V — t + 
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Claim. |A W | < 1. 

If A — ( ciik ) is m x n-matrix, x — ( x \) - m-tuple, y = {yk) - n-tuple, and all entries 
clik , Xi, yk are nonnegative then 



by the Cauchy inequality acting twice. 

Let M' w be the matrix which is obtained from M w by taking absolute values of all 
its entries. It is clear that \X^M W X W ^\ < X^M' w X w ^ v y The previous inequality with 
the matrix M' w and the tuples X v , X w ( v y gives 


x‘v<x«(v) < s/kdFxv • w („) 0 l”(l)W(„), 

where d\'' ! is the diagonal matrix with diagonal entries which is defined by 


d l u l = lwl> ue V V)- 

lEduDq — ( w ) 


Since |/q| < 1 we have < ff{du C q 


d u hence 


XtM, n X w{v) | < XImLXm < 


w(v) — 


X>D 


w I 

V 


X v ■ X f -, ,D l 7 ,x w(v) < 

u w(v) w(y) w\v) — 


X w ,sD w y J ^X w (y'} t v t u i(^). 


The claim is proved. 

Note, that X- w = X w since Mf — M- w . If the surface g{S) is horizontal then t v > 0 
for each v G V. So we have a solution {t, A} of the BKN-equation over T(T, IT), with 
prescribed properties. □ 


4.3 Theorem. Let M be a graph manifold of the class Wl. The following three proper¬ 
ties are equivalent. 

i M is virtually fibered over a circle. 

ii There exists a CP-system of cohomological classes { l v \ v G V} on M such that 
lv(fv) > o for each v eV, and (l v >, f v )\ w \ ■ l v >{fv>) = {lv, fv')\ w \ • lv(fv) for each 
triple v,w,v' as in CPI (definition 1.2). 

iii The BKN-equation over Tm has a nontrivial solution {<1,7} such that a v > 0 
and — 7 _ w for each v e V, w e IT. 



HOMOLOGICAL PROPERTIES OF GRAPH MANIFOLDS 


15 


Proof. The equivalence iiy^iii follows from lemma 1.5. The implication i=Mi is in propo¬ 
sition 4.2. 

The implication ii=M is proved in our previous work [S]. The proof uses the main 
result of [RW], □ 

Now we need some technique which is useful in what follows. Let M be a manifold 
of the class DJI, let Tm{V, W) be its graph and let Vo C V be a subset of its maximal 
blocks. Remove the blocks {M v \ v G Vo} from M and let 

M \ Vo :=M\ |J M v 

vev 0 

be a (possible not connected) manifold with boundary. The manifold M \ Vo is canoni¬ 
cally framed as follows. Consider Tj w |, a boundary torus of M\ Vo (here the initial point 
of w is in Vo and its terminal point is in V \ Vo), and choose r w as a curve on T w which 
corresponds to the Seifert fibration of the removing block M v , w G dv. Let (M \ Vq) d 
be the closed manifolds by performing Dclm filling along all r w , T\ w \ C d(M \ Vo). 
This manifold is defined up to homeomorphism. The charges of maximal blocks of 
(M \ Vq) d are coincides with the charges of corresponding blocks of M [Nl], The graph 
of (M \ V o) D is a subgraph of Y M (V, W). 

4.4 Theorem (cf. [Nl]). Let M be a manifold of the class DJI and T m(V) W) be its 
graph. The following conditions are equivalent. 

i M contains a virtually embedded ix\-injective surface of negative Euler charac¬ 
teristic. 

ii There exists a CP-system of cohomological classes { l v \ v G V} on M such that 
( l v fv)\w\ ■ Iv'(fv') = ( lv , fv')\w\ ■ lv(fv) for each triple v,w,v' as in CPI (defi¬ 
nition 1.2). 

iii The BKN-equation over T m has a solution {a, 7 } such that 7 ^ = for each 
v eV, w eW. 

Proof. The equivalence iiy^iii follows from lemma 1.5. 

The implication i=Mi is in proposition 4.2. 

iii=M Let {a, 7} be a solution of the BKN-equation which satisfies iii and Vq = {v E 
V | a v = 0}. Consider a manifold Mi with boundary which is a connected part of M \ Vq, 
and let M[ J be the corresponding closed graph manifold (may be Seifert fibered). It 
is easy to see that the collection {a v ,^ w \v G V\,w G VLi} is a solution of the BKN- 
equation over Tmi {V\, W\) C T m(V,W) and it satisfies to iii of theorem 4.3. By the 

theorem, there exists a finite covering p f : M( :) —» Mf } and a horizontal embedding 

g[ J : 5f Mf, where Sf is a closed oriented surface. Let p\ : Mi —>• Mi be the 
covering which is induced by the inclusion Li : Mi —> Mff*, i.e. pi = i\pi . We also have 
a natural proper horizontal embedding g\: Si —> Mi, where ,S'i is the surface with 
some number of holes and x(S'i) < 0 . 
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Now we claim that there exists a covering p : M —> M such that t*(p) = Pi for 
the natural inclusion i : M\ —> M. Really, this inclusion induces the injective map 
t* : 7 Ti(Mi) —> 7ri( M ). Such a way we have an embedding (Si, dSi ) —> (M, T) where T 
is the JSJ-surface for M. The surface S\ is contained in Mi C M. Let C be a connected 
component of dSi D T where T E T and <9,S' D T ^ 0. The torus T must separates two 
blocks. One of the blocks say M u must be preimage (under p) of one of removing blocks 
M v , v E Vo- As it easy to see the curve C is homotopic to the linear foliation of T which 
is induced from the Seifert space M u . Let (£ 2 , dS^) C (M, T ) be a surface obtained as 
two parallel copies of S\. The intersection M u fl S 2 consists on even number of curves 
on dM u . Each curve parallel to the linear foliation of the boundary component it lies. 
It is not difficult to see that there are a set of incompressible, boundary-incompressible 
annuli in M u whose boundary is M u fl Sfo So we have found a 7ir-injective surface in 
some finite cover of M. □ 

5. NPC-metrics on graph manifolds 

5.1 Theorem (cf. [BK2]). Let M be a manifold of the class 311 and Tm(Y, W) be its 
graph. The following conditions are equivalent. 

i M carries an NPC-metric. 

ii there exists a CP-system {l v } ve v ° n M such that — {l v ',fv)e\ < lv(fv) an d 
(lv', fv)e-lv'(fv') = (lv, fv')\w\ ■ lv(fv) for each triple v,e,v' as in CPI (definition 
1 . 2 ); 

iii there exists a solution {a, 7 } of CE such that a v > 0 for each v G V and 

= 7 _ w G (—1,1) for each w E W. 

Proof. The equivalence iiy^iii follows from lemma 1.5. 

iiiy^i If each Seifert block of M is a product surfacex S' 1 then the equivalence fol¬ 
lows from [BK1, Proposition 8.1]. The general case is proved by I. Andreeva (unpub¬ 
lished). □ 
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